Abstract 3-loop diagrams of the ladder-type, which emerge for local quarkonic twist-2 operator matrix elements, are computed directly for general values of the Mellin variable N using Appell-function representations and applying modern summation technologies provided by the package Sigma and the method of hyperlogarithms. In some of the diagrams generalized harmonic sums with ξ ∈ {1, 1/2, 2} emerge beyond the usual nested harmonic sums. As the asymptotic representation of the corresponding integrals shows, the generalized sums conspire giving well behaved expressions for large values of N . These diagrams contribute to the 3-loop heavy flavor Wilson coefficients of the structure functions in deep-inelastic scattering in the region Q 2 ≫ m 2 .
Introduction
The Wilson coefficients for the twist-2 heavy flavor contributions to the unpolarized structure functions in deeply inelastic scattering are known in leading [1] and next-to-leading order [2] 1 . In the latter case, the result was obtained in semi-analytic form. It has been shown in [4] that in the region Q 2 ≫ m 2 one can obtain analytic representations due to a factorization relation of the heavy flavor Wilson coefficients being valid for all contributions but the power corrections ∝ (m 2 /Q 2 ) k , k ≥ 1. In this representation the heavy flavor Wilson coefficients are given as convolutions between universal massive operator matrix elements (OMEs) and the massless Wilson coefficients. The final results in case of the previous calculations were most compactly expressed in Mellin space in terms of harmonic sums [5, 6] , which allows further simplifications concerning basis representations, cf. [7, 8] . The 2-loop corrections in the neutral current case have been calculated in [4, [9] [10] [11] [12] [13] and for the charged current case up to NLO for Q 2 ≫ m 2 in [14] . For the structure function F L (x, Q 2 ) the general result in the asymptotic case was obtained at 3-loop order in Ref. [15] . Unlike the case for the structure function F 2 (x, Q 2 ), where the approximation works at the per cent level for Q 2 > ∼ 10 m 2 , much larger scales are needed in the former case. Recently, complete results have been obtained for a series of Mellin moments N = 2 . . . 10(14) for the different heavy flavor Wilson coefficients contributing to the structure function F 2 (x, Q
2 ) in Ref. [16] 2 , including all operator matrix elements needed to establish the variable flavor scheme [10, 18] . Here all logarithmic contributions ln k (Q 2 /m 2 ), k = 1, 2, 3, are complete for general values of N, [19] , referring to the anomalous dimensions and Wilson coefficients known in the literature [20] [21] [22] as well as linear terms in the dimensional expansion parameter ε = D − 4 at 2-loop order, [11] . The constant term has been calculated for the color factors T 2 f n f C A,F at NNLO for the quarkonic and gluonic massive OMEs in [23, 24] and first contributions to T 2 f C A,F were given in [25] . In the present paper we compute diagrams of the ladder topology with up to six massive propagators contributing to the massive 3-loop operator matrix elements for general values of N as another step towards the general N result. The graphs are computed directly, i.e. without reference to the integration-by-parts method [26] 3 . We seek for closed representations in D-dimensions referring to suitable higher transcendental functions. At the 2-loop level investigated formerly in Ref. [28] the corresponding class is formed by the generalized hypergeometric functions p F q [29, 30] , while in the present case Appell-functions emerge [31] as characteristics of the topology being dealt with. The Feynman diagrams are represented by multiple nested sums of products of higher transcendental functions which are easily expanded in ε. These sums are partly due to the local twist-2 operator insertions, cf. Ref. [16] , Appendix 8.1, and partly due to binomial expansions of the Feynman parameter integrals. Finally, these sums are evaluated using modern summation technologies which are made available by the code Sigma [32] and are expressed in sums being transcendental to each other, and multiple zeta values [33] or related constants, which constitute the values at N → ∞ of the former ones. We also use the method of hyperlogarithms [34] , having been extended to the case of local operator insertions at general values of N. For low enough fixed values of N one may compare the results with those obtained by computing the corresponding diagrams using MATAD [35] . The method presented in the present paper is applicable for a wider range of processes.
The paper is organized as follows. In Section 2 the basic diagram, without operator insertion, is analyzed and a sample calculation is presented. The main different cases are evaluated in Section 3. We also provide a series of fixed moments used to compare the results of the present calculation with those obtained using MATAD. We discuss the origin of S-sums [37, 38] 4 generated of argument ξ ∈ {1, 1/2, 2}, which emerge in the final result of some of the diagrams besides the usual harmonic sums. Knowing the result for the different diagrams we also apply the method developed in Ref. [40] in Section 4 to establish and solve difference equations from fixed moments and determine the minimal amount of moments needed to reconstruct the corresponding Ndependent functions completely. Section 5 contains the conclusions.
Basic Formalism
We consider diagrams of the type shown in Figure 1 and those related to them, cf. also [41] . The scalar D-dimensional integral corresponding to the diagram in Figure 1 for arbitrary exponents ν i of the propagators reads :
where ν i 1 i 2 ...i l = l k=1 ν i and suitable normalization factors have been attached for convenience. The loop-momenta are integrated in the order k, q, l. The following Feynman-parameter representation is obtained :
with the short-hand notation
In order to perform the {w 1 , w 2 } integration, one considers
with the parameters a, b, b ′ , c such that this integral is convergent. Eq. (2.4) can then be expressed in terms of the Appell-function F 1 using the relation, [30] 5 ,
Here the parameters x, y correspond to w 3 /(w 3 − 1) and w 4 /(w 4 − 1) in Eq. (2.2), respectively. To obtain a series-representation of the integral the analytic continuation of F 1 , [30] ,
has to be carried out. One obtains the infinite double sum
Here (a) b is Pochhammer's symbol defined by
Eq. (2.7) is symmetric w.r.t. exchanges of the indices {ν 1 , ν 2 } ↔ {ν 4 , ν 5 }. For any values of ν i of the type ν i = a i + b i ε, with a i ∈ N, b i ∈ C, the Laurent-series in ε can be calculated straight-forwardly using e.g. summer, [6] or Sigma [32] . We have checked (2.7) for various values of the ν i using MATAD [35] . We now consider the diagram shown in Figure 2 , which contributes to the massive operator matrix element A Qg , cf. Ref. [16] , and derives from the diagram in Figure 1 , by adding the local operator insertion ⊗, see [16] and Appendix A, and an external momentum flow p with p 2 = 0. We consider first the case where all exponents of the propagators are equal to one. Here and in the following we separate a common pre-factor
Again the momentum integrals are performed in the order q, k, l through whicĥ
is obtained. The spherical factor S ε is given by 11) and γ E the Euler-Mascheroni constant. In the MS scheme this factor is later identified by S ε ≡ 1. It absorbs the universal dependence of D-dimensional integrals on ln(4π) and γ E . As in the 2-loop case, [28] , one observes that the integral-kernel given by the corresponding massive tadpole-integral (2.2) is multiplied by a polynomial containing various integration parameters to the power N. The same holds for the remaining 3-loop diagrams. Hence, if a general sum representation for the corresponding tadpole-integrals is known and one knows how to evaluate the corresponding sums, the 3-loop massive OMEs can be calculated directly. However, the presence of the polynomial to the power N, which may also involve a finite sum, cf. the Feynman rules given in Appendix 8.1. of Ref. [16] , complicates the calculation further, in some cases even in a very essential way. To perform the remaining integrals for Diagram I 1a we split the expression into several finite sums which have a similar structure as T 1 . One obtainŝ
(2.12)
After expanding in ε, the summation can be performed using Sigma and the summation techniques having been explained in [9, 11, 36] before.
The results of the integrals being dealt with in the present paper can be expressed in terms of harmonic sums S a (N) [5, 6] and their generalizations S a ( ξ; N) [37, 38] . They are defined by :
In the following we use the short-hand notation for these sums
Moreover, we calculate the diagrams for all integer values of N, for which they are defined and do not refer either to even or odd moments, as required in subsequent physical applications due to the presence of the respective current crossing relations, cf. [42] .
The threefold and fourfold sums inÎ 1a yield : 15) which agrees with the fixed moments N = 1 . . . 10 obtained using MATAD [35] . For a direct reference we give a series of moments in Tables 1 and 2 below. The propagator carrying the operator insertion in Figure 2 also emerges to the second power. The result for the corresponding integral is
16) 18) and follows carrying out similar steps as in case of integral I 1a . Here,
denotes Euler's Beta-function. The structure of the results of the integrals I 1a and I 1b are very similar w.r.t. the harmonic sums. However, the polynomial structure in N becomes more involved for I 1b .
Different Operator Insertions and Fermion Flows
In the following we perform the calculation of ladder-type diagrams of different complexity, which is both due to the number of massive lines and the corresponding local operator insertions. The examples cover the spectrum of possibilities. First we compute diagrams with six massive lines and a second set of examples deals with diagrams which contain three massive lines. The Feynman rules used for the calculation are given in Appendix A.
Diagrams with Six Fermion Propagators
We consider the diagrams in Figure 3 . In Table 1 we summarize a series of Mellin moments for
Figure 3: Diagrams with 6 fermion propagators the diagrams calculated using the code MATAD [35] for comparison to the general-N results. Diagram 2a can be represented in terms of up to sixfold sums.
These sums are performed by Sigma and yield Here generalized harmonic sums emerge with ξ ∈ { , 1} together with powers 2 N . In the limit N → ∞ the generalized harmonic sums approach finite values given below. StillÎ 2a does not diverge exponentially due to relations among these special generalized harmonic sums, [38] . The asymptotic series ofÎ 2a was computed using HarmonicSums [43] and is given bŷ
where L(N) = ln(N) + γ E . Likewise, one obtains for I 2b
2b , (3.5)
Again the sum-structure of the integrals remains the same. Unlike the case for the massless 3-loop Wilson coefficients [22] and massive integrals in [23] the generalized harmonic sums do not vanish diagram by diagram. We remark that sums of this type even emerge in massive 2-loop integrals, if diagrams are simply separated into individual terms in a mathematical manner, e.g. in a fully automated computation to O(ε) [11] , while they are absent in case the diagrams are considered as whole entities being mapped to various final sums [9, 11] . The presence of these generalized harmonic sums does not alter the structure of the diagrams significantly in the special way they appear, as we will outline below. For diagram 3 a simple representation is obtained :
Diagrams with a gluon-quark-quark operator insertion on an external gluon line can always be related to a diagram with the operator insertion on the fermion lines next to this vertex due to the Feynman rule for the operators [16] , cf. also Appendix A and [28] . Let us now turn to diagram I 4 ,
We perform the calculation of this diagram in a different way than used before and apply the α-representation for the Feynman parameters, cf. [44] . The integral is convergent in the limit ε → 0 and shall be calculated using the method of hyperlogarithms. This method has been worked out in [34] in case the numerator functions are fixed polynomials, the integrands are rational functions in the parameters α i for convergent integrals in D = 4 dimensions. It can be applied if an integration order can be found, such that at each integration step the denominator factors into linear polynomials in the respective integration variable. IntegralÎ 4 is given by :
with the polynomials, cf. [44] ,
(3.14)
In order to tackle diagram 4 with the method of hyperlogarithms in case of general values of N, the following ideas have been incorporated. We first perform the transformation
constructing a formal power series being resummed in the tracing parameter x. This effectively moves the action of the local operators into propagator-like terms. For more complicated operator insertions the product structure of the denominator in (3.15) is simply extended. A transformation of this type assumes that one finally can map the functionf (x) being obtained back to the desired solution f (N) directly. We consider the following iterated integrals
During the integration process the indices a i are usually rational functions of x and the integration variables α i . Because of this the iterated integrals L a are called hyperlogarithms rather than polylogarithms over the alphabet {a 1 , . . . , a k }.
One first calculates the result of this transformation for integralÎ 4 in terms of the variable x. It can be expressed in hyperlogarithms L a (x) over the alphabet {0, 1, −1, 1/2} 6 which are thus generalized harmonic polylogarithms [37, 38] : Finally the transformation (3.15) is reversed finding the Nth expansion coefficient of (3.17) symbolically using the packages Sigma [32] and HarmonicSums [43] . One obtains in N-space the following representation in terms of harmonic sums and their generalizations :
where which shows a convergent behaviour. In the above expressions generalized harmonic sums occur which are convergent in the limit N → ∞. Furthermore, all of them can be represented in terms of multiple zeta values :
For completeness, we also give the representations of the generalized harmonic sums in terms of a Mellin transformation Here the second letter is uncritical. In case of the first letter a new type of +-prescription for the Mellin-transform emerges on [0, 1], through which the singularity of the denominator at x = 1/2 is regulated,
The corresponding Mellin transforms which represent the generalized harmonic sums are :
with
dy/(2 − y) + ln(2). Similarly, also H −1,0,1 (1 − x) is a polylogarithm over the alphabet {1/x, 1/(1 − x), 1/(2 − x)}.
Generalized harmonic sums also occurred in diagram 2. Let us consider the associated functionalĨ 2a in similarity to (3.17),
Here all harmonic polylogarithms are formed over the alphabet {0, 1} and the letter 1/( 1 2 − x) only emerges as pre-factor. It causes the generalized sums in I 2a (N). The structures beyond the usual harmonic polylogarithms in (3.41) are much simpler than in (3.17), which explains the greater difficulty to solve I 4 using summation technologies.
Diagrams with Three Fermion Propagators
The corresponding diagrams are given in Figure 4 . Again we first give a number of fixed moments Table 2 . Unlike the former case, the diagrams contain poles up to 1/ε 2 . In a first step the different integrals are represented in finite sums over hypergeometric series keeping the general ε-dependence. After expanding in ε, evanescent poles in summation parameters may appear, which have to be dealt with. The resulting indefinite nested sums can again be calculated by SIGMA. For the diagrams I 5a and I 5b one obtains 
43) Again both results show a similar structure. Integral I 6 is related to I 5a by
For the diagram 7 a,b an all-ε representation without any sums may be obtained. As a result only single harmonic sums occur after expanding in ε.
52)
54)
56) 
60) 
62) The contributions to diagram 9a are derived via sixfold nested sums:
76) 
For diagram 9b one obtainŝ The diagrams yield the harmonic sums of maximum depth 3 and maximum weight 4: This set is the same as for the O(α 2 s ε) contributions to the massive OMEs, which contribute at the three loop order via renormalization [11] and for a wide class of other processes, see [46] . In addition, in the case of the diagrams with six massive propagators also the following generalized harmonic sums [37, 38] However, these terms do not contribute to the diagrams with three massive propagators.
Representations for the analytic continuation of the harmonic sums to N ∈ C were calculated in [8, 47] and the inverse Mellin transforms of the generalized harmonic sums are given in (3.36-3.40).
Functions from Moments
Since the Feynman integrals I 1 − I 9b are recurrent quantities in N one may in principle find their analytic form for general values of N using the method described in Ref. [48] . In the following we determine the amount of Mellin moments needed to find these solutions and solve the recurrences being obtained by Sigma [32] . This method has been used before in Ref. [40] inintegrals are characterized by the Appell-function F 1 in case of six massive propagators. For lower numbers of massive propagators the structures are simpler. The integrals can be turned into multiply nested sums. Most of them have been solved using modern summation technologies encoded in the package Sigma in its present form automatically in product and difference fields. Here up to sixfold sums have been solved. This method applies also in case of integrals containing singularities in the dimensional parameter ε in the same way as for the constant term.
We also applied the method of hyperlogarithms in case of integrals which converge in D = 4 dimensions, extended to the case of local operator insertions at general values of N. Up to now one of the diagrams could be solved by this method only. The polynomial expression of the operator product insertion is first resummed using a continuous tracing parameter and the integrals are then performed in terms of hyperlogarithms leading finally to iterated integrals over an alphabet of fixed numbers. It is then possible to symbolically convert the final expression into harmonic sums and their generalizations, with ξ ∈ {1, 1/2, 2}.
All integrals are recurrent quantities in N and their asymptotic representations are well behaved, since the growth ∼ 2 N present in individual contributions cancels. We also investigated the complexity of minimal difference equations associated with these integrals. The number of moments needed to reconstruct them directly varies between ∼ 200...1200, still being inaccessible by present methods.
The present calculation shows that the topology class of ladder diagrams is widely accessible using the methods presented and can be applied in automated calculations. Generalized harmonic sums occur for individual diagrams. This, however, does not imply essential complications, since their analytic continuations and Mellin-inversions were derived in explicit form. Moreover, the corresponding functions are of a special type, which do not imply new numbers beyond the multiple zeta values in the limit N → ∞. In various different steps of the present calculation the methods incorporated in the packages Sigma [32] and Harmonic Sums [43] were instrumental to obtain the corresponding solutions. Both packages have been updated and extended accordingly.
A Feynman Rules
In the present paper we have calculated scalar Feynman integrals with local operator insertions containing massive and massless scalar lines. The corresponding Feynman rules are somewhat different than in the case of QCD, cf. Sect. 8. 
